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Question 1 

Let m and p be the polynomials in Z;[t] defined by 
Tut — 6 = 2b 
p(t) =t +2. 

(i) Prove that m is irreducible over Z3. 


(ii) Find a highest common factor of m and p and express it in the form um + vp, 
where u and v are polynomials in Z;[#]. 


(iii) Write down the multiplicative inverse of p + (m) in Z3[t]/(m). 


(iv) Write down the number of elements in the quotient field Z3 {é]/(m). 


Question 2 


Let R be a commutative ring with a multiplicative identity (denoted by 1). 
An ideal P in R is said to be a prime ideal of R if and only if the quotient 
ring R/P is an integral domain. 


(i) Prove that if P is a prime ideal of R and x, y € R then 
zy€P ifandonlyif x€ P ory eP. 


(ii) Show that the principal ideal (p) (with 1 ¢ (p)) is a prime ideal if and only if 
for all a and b in R, if p divides ab then either p divides a or p divides b. 


Question 3 

Let L be the field Q( V7, i). 

You may assume that L is a vector space over Q. 

(i) Find a basis for L over Q, justifying your answer. 

Let K = {a +bV7+cV7:a,b,ce Q}. 

(ii) (a) Is K a vector subspace of L over Q? Justify your answer. 


b) Is K a subring of L? Justify your answer. 
8 y 


Question 4 


For each positive integer n > 2, let c, be the number of conjugacy classes of elements 
of order n in the symmetric group Sn. 


Find cn for each of the following values of n, briefly justifying your answer. 


@ n5 


G Sn 6 
(i es 
(iv) n = 15 


Question 5 
Let N be a normal subgroup of a group G, and let Z(G) be the centre of G. 
G) Prove that if |N| = 2 then N C Z(G). 

Hint: consider the conjugates of the elements of N. 


(Gi) Prove that if |Z(G/N)| = 1 then Z(G) C N. 
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Question 6 


For each of the following four properties, describe (with brief justification) a group G 
of order 120 possessing that property. 


(i) Gis abelian but not cyclic. 
(ii) G is metabelian but not abelian. 
(iii) G is soluble but not metabelian. 


(iv) G is not soluble. 


Question 7 


For each of the following field extensions state, with brief reasons, whether or not 
it is algebraic. 


For each of these extensions which is algebraic state, with brief reasons, whether 
or not it is normal. 


© Q(¥2-1):Q 
(i) Q@*+1):Q 
(iii) Q:Q 


Question 8 
Let L be a field with a subfield K and a subring R such that K C RC L. 


(i) Suppose that [L : K] is finite and that r is an element of R. Prove that r is 
algebraic over K. 


(ii). Prove that if [L : K] is finite then R is a subfield of L. 


(iii) Find an example to show that R need not be a subfield of L when [L: K] is 
infinite. 


Question 9 
Let K be the subfield Q(V/3,iV2) of C and let G be the Galois group T(K : Q). 


(i) Find G by specifying for each element of G its effect on v3 and iV2. 
Is G cyclic? Justify your answer. 


(ii) Find all the subfields of A’, specifying each subfield in the form Q(a,b,c, ...), 
for appropriate elements a, b, c,... . 


Question 10 


Let f be an irreducible cubic polynomial in Q{#], let € be a splitting field for f 
over Q, and let G be the Galois group T(E : Q). 


(i) Prove that G is isomorphic to a subgroup of S3. 


(ii) Prove that 
either [X : Q] = 3, 
or there is exactly one field M such that Q C M C ¥ and M : Q is normal. 
In the latter case, state the degree of M : Q. 
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Question 11 


Let ÈE be the splitting field in C for the polynomial t“ — 4 in Q[t]. Let G be the 
Galois group T(E: Q). 


(i) Find a basis for £ as a vector space over Q. 


(ii) Find G, specifying for each element of G its effect on each of the basis elements 
listed in your answer to part (i). 


Question 12 (Unit 13) 


Determine whether or not the following ruler and compass constructions are possi- 
ble. In each case you should give a justification of your conclusion. 


(i) Construction of a regular 1028-gon. 


(ii) Construction of a regular hexagon with area equal to the area of a given square. 


Question 13 (Unit 14) 


For each of the following polynomials in Q[t], decide whether or not it is soluble by 
radicals over Q giving, in each case, a justification for your conclusion. 


(i) +270 -6 
(ii) -4+2 


Question 14 (Unit 15) 
Let K be the field GF(2°) and let H be its multiplicative group. 
(i) Write down the subfields of K. 


(ii) Let x be a generator of the group H. For each subfield of K, find, in terms 
of x, a generator of its multiplicative group. 


(iii) Find two subfields, M and N, of K such that M É N and N ¢ M. 


Question 15 (Unit 16) 


Let K be the subfield of R generated by Q together with the set X of all real roots 
of 3, i.e. the set X = { V3 :n € N and n > 2}. 


State, with brief reasons, whether or not the field extension K : Q is: 
(i) algebraic; 

Gi) finite; 

(iii) simple; 


(iv) separable. 


[END OF QUESTION PAPER] 
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Question 1 
Let f and g be the polynomials in Qt] defined by 
f(t) =t + 4t4 + 3t3 — 62? — 18¢ — 12, 
g(t) =P + 3t42. 
(i) Find a linear factor of f, and hence prove that f can be written in the form 
F(t) = (t — a)hi(t) 
with œ in Q and f an irreducible polynomial in Q[¢]. [4] 
(ii) Find an hcf for f and g, and express it in the form 
af +bg 
for suitable polynomials a and b in Q[t]. [6] 


Question 2 


Let R be a commutative ring with a multiplicative identity (denoted by 1). Let I 
and N be ideals of R such that 


NCICR. 
(i) Prove that T/N is an ideal of the quotient ring R/N. [6] 
(ii) Suppose that R/N is a field. Prove that either I = N or I = R. [4] 


Question 3 

Let 
K = {a +bV2 + ci + di2 : a,b,c,d € Q, ? = —1}, 
W = {a +bV2 +ci:a,b,c € Q, i? = —1}, 

and let 
V = {a +bV2: a,b € Q}. 


You may assume that K and V are fields under addition and multiplication of 
complex numbers, that K is a vector space over Q and that i ER. 


(i) Prove that W is a vector subspace of K. [3] 
(ii) Prove that {1, V2} is a basis for V over Q. [2] 
(iii) Prove that {1, V2, i} is a basis for W over Q. [3] 
(iv) Prove that W is not a subfield of K. [2] 


Question 4 


(i) Find all the elements in the conjugacy class of S4 containing the element 


(12)(34). [3] 
(ii) Find the order of the centralizer Cs, ((12)(34)) of (12)(34) in S4. [2] 
(iii) Show that Cs, ((12)(34)) is not cyclic. [2] 
(iv) Find Cs, ((1234)). [3] 
Question 5 


Suppose that H and N are normal subgroups of a group G, and that HN = G. 
Prove that the quotient group G/(H N N) is the internal direct product 
(H/(Ħ A N)) x (N/(H n N). [10] 
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Question 6 
Let H and K be groups, and let the group G be the direct product H x K. 


Consider each statement below, and state whether it is true or false, giving a brief 
proof or counter-example, as appropriate. 


(i) If H and K are cyclic, then G is cyclic. 
(ii) If H and K are abelian, then G is abelian. 
(iii) If H and K are simple, then G is simple. 


Question 7 


(i) For each of the following field extensions, state, with brief reasons, whether or 
not it is algebraic. 


(a) Q(cosm/4):Q 
(b) Q(7?) :Q 

(ii) For each of the following finite field extensions, state, with brief reasons, 
whether or not it is normal. 


(a) K:Z;, where K =Z,[t]/(t? +t +4). 
(b) Q(72, V7):Q 
(c) Q(V2, V7,w):Q, where w? =1,w#1. 


Question 8 


Let K and L be fields with K C L. Let a € L and let the minimum polynomial 
of œ over K have degree n. 


(i) Prove that K (a?) C K(a). 
(ii) Prove that a? is algebraic over K. 
(iii) Suppose that n is odd. Prove that K (a?) = K(a). 


(iv) Give an example with K = Q such that K is a proper subset of K (a?) and 
K (a?) is a proper subset of K (a). 


Question 9 

Let K be the field Q(i, V5), and let G be the Galois group T(K :Q). 
(i) Find G, specifying for each element of G its effect on i and on V5. 
(ii) Find the fixed subfield of each subgroup of G. 


Question 10 


Suppose that M : K is a finite field extension and L is a field such that K C L C M 
and L: K is a normal extension. 


(i) Suppose o€T(M:K). Prove that the restriction ol, of ø to L is a 
K-automorphism of L. 


(ii) Prove that the function 
ġ:T(M:K)—T(L:K) 
o o|: 
is a group homomorphism, and find its kernel. 
(iii) Hence show that the quotient T(M : K)/T(M : L) is isomorphic to a subgroup 
of [(L: K). 
(iv) By considering the extension Q( 42) : Q, or otherwise, show that the quotient 
T(M : K)/T(M:L) 
may be isomorphic to a proper subgroup of I'(L: K). 
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Question 11 

Let p be the polynomial t? — 7 in Q{é]. 

(i) Find a, B € C such that Q(a, £) is a splitting field for p over Q. 
(ii) Find the degree [Q(a, 8) : Q]. 

(iii) Identify the Galois group I'(Q(a, 8) : Q). 


Question 12 (Unit 13) 


Determine whether or not the following ruler and compasses constructions are pos- 
sible, given the line AB. Give a justification in each case. 


(i) The rectangle ABCD with the property that AB is larger than BC and if the 
rectangle is cut in half by a line parallel to BC then the two resulting smaller 
rectangles are the same shape as the original rectangle. 


A ! 8 


D i} 
(ii) A regular 204-gon with AB as one side. 


Question 13 (Unit 14) 
Prove that the polynomial f(t) = t — 6t — 3 in Q{E] is not soluble by radicals. 


Your proof should contain references to any theorems used. 


Question 14 (Unit 15) 


Let p and n be positive prime integers, and let q = p”. Let K be a field of q 
elements. 


(i) Let a € K. Show that the minimum polynomial of a over Z, has degree 1 
or n. 


(ii) Let p = 2, n = 3, q = 8, and let 
K = Z,[t]/(8 +t + 1). 


Find elements a and ĝin K whose minimum polynomials over Z2 have degrees 
1 and 3 respectively. 


Question 15 (Unit 16) 
Let L: K be a simple, purely inseparable extension. 
Prove that the Galois group I'(L: K) is trivial. 


[END OF QUESTION PAPER] 
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M433 Solutions to 
Specimen Examination Paper 1 


These solutions are presented in two halves. The left-hand column gives an abbre- 
viated version of the sort of thought processes that we’d go through in solving the 
problems; the right-hand column gives a fairly concise written solution. If you are 
one of the lucky people who can write polished solutions with no jottings, we envy 
you! If not, please don’t be afraid to write down your ideas and intentions/strategies 
even if you don’t manage to carry them out fully. 


Question 1 
(i) Linear factors? Try finding a zero. Since 
Try factors of constant term f(-1) 1+4-3-64+18-12=0, 


+1, +2, +3, £4, +6, +12. 
f(1) = —28, but f(—1) =0. 
Divide to get h, either ‘long’ division f(t) = (t + 1)(t4 + 3t — 6t — 12). 


we have that t + 1 is a factor of f. 
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or trial and error. Irreducibility: if in So f(t) = (t+ h(t) where h(t) = tt + 303 — 6t — 12. 


doubt, try Eisenstein. Everything 
divisible by 3 so... 


Since 3{ 1, 3|3, 3|0, 3|-6, 3|-12 and 3? { —12, h is irreducible 
over Z (and hence over Q) by Eisenstein’s criterion with q=3. 


(ii) Could use the Euclidean Algorithm g(t) = (t+ 1)(t + 2) so f, g have a common factor t + 1. 


directly but —1 is a zero of g too. 
Could use this. 


i B+ e - 2t- 2 
Write 1 = (c)h + (d)(t + 2) then t+2)e + 368 6-12 
multiply by t + 1 to get A A 
t+1=af+bg. Apply Euclidean Ett 
Algorithm to t + 2, h. t — 6t 

t? + 2¢? 
— 2? — 6t 
— 2? — 4t 
— 2 = 12 
-2t — 4 
- 8 
Thus h = (t? + ¢? — 2t — 2)(t + 2) - 8. 
Rearranging, 


1 gh — E(P +t — 2t — 2)(t + 2). 


Hence t+ 1 af — EE +t? — 2- 2)g. 
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h is irreducible and not equal to t + 2, so f, g have t + 1 as hcf. 


SUP 26228 7 


Question 2 


(i) 


(ii) 


What do I have to do ... follow basic 
strategy for ideals. Closure under +, 
closure under additive inverses, 
possessing zero, closure under 
arbitrary multiplication. 

Slight difficulty over elements. 
Element of R/N isr +N forr € R. 
Element of I/N is «+N for z€ I. 


Each step needs the definition of I/N, 
properties of the ideal J. 


What have fields to do with ideals? 
Fields have only trivial ideals so 
there’s the germ of a contradiction 
argument here. 


Question 3 


(i) 


(i) 


(iii) 


Basic strategy called for: closure 
under +, zero, closure under scalar 
multiplication. 

Nearly forgot the subset requirement 
... bad trap to fall into. 


Need to prove spanning and linear 
independence. 


Need to prove spanning and linear 
independence. Spanning is OK 
because of definition of W, but 
independence looks harder. 

Try a ‘first principles’ approach. 

On the face of it we have 

i = c7} (—a — bV2) which would make 
i real... but we’d better look at the 
possibility c = 0. 

Deal with c Æ 0, c = 0 separately. 


Closure under + Suppose x+N,y+N € I/N; then 
(c+N)+(y+N)=(c+y)4+N 
(by definition of coset addition). 
But x,y € I so (x+y) € I since J is an ideal. Hence 
(c+y)+N EI/N. 
Additive inverses Suppose x + N € I/N; then 
—(z + N)=(-2z) +N. 
But z € I, so —z €I,so(—z) + N € I/N. 
Zero Since I is an ideal, 0 € J. Hence 0+ N =N € I/N. So N 
is the zero of R/N, and I/N does contain the zero of R/N. 
Arbitrary multiplication Suppose x+ N € I/N and r+Ne 
R/N. Then (x+ N)(r + N) = (zr)+N. But zeEI,reR so 
zr € I because J is an ideal. Thus (xr) +N € I/N. Since R is 
commutative, so is R/N, and hence (r + N)(x + N) € I/N. 
Suppose not: that is, suppose J # R, I # N. Then J/N is an ideal 
of R/N. 


Because I # R, there is some coset r+ N not in I/N, so I/N # 
R/N. Because I # N, there is a coset r+ N ÆN in I/N. Hence 
I/N is non-trivial and not the whole ring R/N. But this contra- 
dicts Theorem 2.4.3, that the only ideals of the field R/N are R/N 
and the zero ideal. Thus either J = N or I = R. 


Since the elements of W are of the form of those in K with d= 0, 
we have W C K. 


Ifa+bV2+ci, a’ +b' V2 + c'ie W, then 
(a +bV2 + ci) + (a! +b V2 + d'i) 
= (a +a’) + (b+b')V2+(c+c')i e W 
because Q is closed under addition, so 
ata,b+b,c+c EQ. 


Since 0 € Q, 0 + 0v2 + 0i = 0 € W, so W contains the zero of K. 
Ifa+b/2+ci € W and À € Q, then 


Ala +bV2 + ci) = (Aa) + (Ab) V2 + (Ac)i € W 
because Q is closed under multiplication. Hence W is a vector 
subspace of K. 
{1, V2} spans V by the definition of the elements of V as linear 
combinations of 1, V2 over Q. 


Suppose a+b/2=0. This means that v2 is rational unless 
a=b=0. Since V2 is irrational, we obtain a=b=0. Thus 
{1, V2} is a linearly independent spanning set, hence a basis for V. 


{1, V2, i} spans W by the definition of the elements of W as linear 
combinations of 1, V2, i over Q. 
Suppose a + bV/2 + ci = 0 for a,b,c € Q. If c £0 then 


i =c! (—a — bV2) 
which forces i € R; contradiction. 
Thus c=0. 


Then a + bV2 = 0. In part (ii) we showed that this implies that 
a=b=0. Thus {1, V2,7} is a linearly independent spanning set, 
hence a basis. 


(iv) Dimension ... 3, from above, if we 
need it. 


Might be useful for Degree Theorem. 


Tempting to assume {1, V2,i,iV2} is 
a basis for W, but not necessary. 


Question 4 


(i) Permutations are conjugate if and 
only if they have the same disjoint 
cycle decomposition, so look for all of 
form (..)(..). 


Gi) Use |x¢||Ce(x)| = |G]. 


(iii) First principles, or quote knowledge of 
subgroups of S4. 


iv) Try finding the order first. S4 has a 
8 
number of subgroups of order 4. 


But (1234) and all its powers 
commute with (1234), which gives a 
cyclic subgroup of order 4. 


Question 5 


Direct products involve showing that the 
product of the subgroups is the whole 
group, and that the subgroups are normal 
with trivial intersection. 

HAN is normal in G so G/(H N N) can be 
formed. The Correspondence Theorem 
(6.6.6) looks useful. 

General strategy—turn each question about 
G/(H N N) into a question about H and N 
in G; use each of the given pieces of 
information about H and N. 


[K : Q] < 4 since {1, V2, i, i2} spans K over Q. Since [W : Q = 3] 
and W C K, we must have [K:Q] > 3. But V CK so, by the 
Degree Theorem, 2 divides [K : Q]. Hence [K : Q] = 4. If W were 
a field we would have Q C W C K and [K : Q] = [K : W]w: Q], 
ie. 4= [K : W] x3. Since [K : W] must be an integer, this is a 
contradiction. Hence W is not a field. 


Permutations conjugate to (12)(34) are those with disjoint cycle 
form (ab)(cd), i.e. 


(12)(34), (13)(24), (14)(23). 


Since |S4| = 24 and |((12)(34))5*| = 3, we have 
|Cs,((12)(34))| = 8. 
S4 has no cyclic subgroup of order 8 since S4 has no elements of 
order greater than 4. Hence Cs, ((12)(34)) is not cyclic. 
4x3x2x2 
4 
|(1234)$+| = 6 
and hence 
|Cs,(1234)| = 4. 
Since (1234) and its powers commute with (1234), we have 
{(1234)) © Cs, ((1234)). 
But |((1234))| = 4, so 
Cs, ((1234)) = ((1234)). 


There are = 6 4-cycles in S4, so 


Normality Since H and N are normal subgroups of G, each 
containing H N N, Theorem 6.6.6 shows that H/(H MN) and 
N/(H ON) are normal in G/(H NN). 


Trivial intersection If 
2(H N N) € (A/(HON))N(N/(HNN)), 
then x € H anda € N, i.e. 
ztEHAN. 
Thus z(H N N) = HON, the identity element of G/(HON). 


Product all of G/(HON) Any (HNN) in G/(H NAN) has 
x € G so, since G = HN, we have x = hn for some h in H, nin N. 
Thus 


t(HNN)=hn(HNN) 
= (h(H A N))\(n(H N N)). 


So G/(H N N) C (H/(H A N))(N/(H A N)). The reverse inclusion 
is clear. Thus 


G/(H ON) = (H/(H A N)) x (N/(H A N)). 


Question 6 


G) Try Cp x C3, Cox Cy. 


. for ideas. 


(ii) Seems plausible, so try to prove it. 


(iii) Aha! Did this in Unit 12. 
Direct products always have normal 
subgroups isomorphic to those you 
first thought of, so unless either of 
those is trivial we’re home. Take an 
easy example. 


Question 7 


(i) (a) Must use the definition of 
algebraic. What is cos 7/4? 
1/V2, so Q(cos 1/4) is Q(1/V2). 


(b) 7? seems unlikely to be algebraic 
over Q! If it were, we’d get a 
polynomial equation for r. 


(ii) These are finite extensions, so test for 
being splitting fields. 
(a) K contains a zero for t? + t+ 4 
so, since it’s a quadratic, 
t? + t + 4 factorizes completely 
over K. 


(b) {2 is a zero of t" — 2, irreducible 
but not all zeros in Q(2, V7). 


(c) Splitting field for 
(t — 2)(t? — 7) 


Question 8 


(i) What is K(a?)? The smallest subfield 
such that ... 


(ii) Could try to find the minpol of a? in 
terms of the minpol of a, but it gets 
messy. Easier to use ‘finite implies 
algebraic’. 


This is not true. 
For example, take H = K = Co. 
Then G = C2 x Co = V, which is not cyclic, because it contains no 
elements of order 4. 
This is true. 
Typical elements of G are (h,k) and (h’,k’), where h,h’ € H and 
kk eK. 
(h,k)(h', k’) = (hh', kk’) 
= (h'h,k’k) because H and K are abelian 
= (h',k')(h,k). 
Thus G is abelian. 
This is not true. 


For example, take H = K = C2. Then H and K are both simple, 
but G (= V) is not simple because it has normal subgroups of 
order 2. 


Since cos 1/4 = 1/2 and (1/2)? — 1/2 = 0, we have that cos 7/4 
is a zero of the polynomial t? — 1/2 over Q. Q(cos7/4):Q is 
algebraic. 

If n? were a zero of f(t) € Q[t], then f(z?) =0. Thus r would be 
a zero of g(t) = f(t). 

Since 7 is transcendental over Q, Q(x?) : Q is not algebraic. 


K contains a zero of t?+¢+4. Thus t? +¢+44 factorizes into 
linear factors over K. Now K is a splitting field for t? + t + 4 over 
Z; and so K : Z7 is normal. 


t? — 2 has a zero in Q( 12, V7) but since Q(/2, V7) C R, -2 
does not split over Q( 1/2, V7). Since t7 — 2 is irreducible over Q, 
the extension Q( V2, V7) : Q is not normal. 


Since Q(V2, V7,w) is a splitting field for (t — 2)(t? — 7), 
Q( V2, V7,w) : Q is normal. 


Since K C K(a) and a? € K(a), K (a?) is, by definition, the small- 
est subfield of K(a) which contains K and a?. In particular, 
K(a?) C K(a). 
Since K C K(a?) C K(a), we have 

[K(a*) : K] < [K(a): K]. 
But [K (a): K] is the degree of the minimum polynomial of a over 
K, which is n. So K(a?):K is finite, and hence algebraic, by 
Lemma 4.4. In particular, a? is algebraic over K. 


(iii) 


(iv) 


Always try the Degree Theorem. 

And remember that degrees of 
minpols give degrees of simple 
extensions. It’s tempting to think 
that [K(a): K(a?)] must be 2, so how 
can n be odd? 


By (iii), n must be even. Take the 
simplest case, n = 2 — no good, 
because then = K or K(a). So try 
n=4. 


Question 9 


G) 


(ii) 


We've done lots of examples like this. 
It’s a question of proving that the 
four obvious automorphisms really are 
automorphisms, and that there are no 
more. 


The name g is to save writing. 


The answers are quite straightforward, 
but remember that ‘find’ means some 
working has to be shown. 


Don’t forget the bottom and the top! 


Since a? € K(a?), a is a zero of the polynomial t? — a? over K(a?). 
Let m be the minimum polynomial of a over K(a?). Then 0m = 1 
or 2. 


By the Degree Theorem, 

n = [K(a): K] = [K(a): K(a”)|[K (a?) : K] 

= ôm x |K (a°): K] 

and so Om divides n. But n is odd, so Om cannot be 2, so ôm = 1. 
Thus [K (a) : K(a?°)] = 1, and so K(a) = K(a?). 
Let a= ¥2. The minimum polynomial of a over Q is t4 — 2, so 
n = 4 and [Q(a):Q] = 4. But a? = V2 and [Q(V2) : Q] = 2, so 
Q is a proper subset of Q(V2) and Q(V2) is a proper subset of 
Q(72). 


Q(V5) C R, so i ¢ Q(V5), so i has minimum polynomial t? + 1 
over Q(V5); the other zero of this is —i. By the Automorphism 
Theorem, there is a Q(/5)-automorphism o of Q(V5,i) such that 
a(i) = ~i. 
The standard element of Q(V5, i) is 

z=at+bV5+ci+dvV5i (a,b,c,d€ Q), 
and g maps x to 

at bV5 — ci —dv5i. 
Since Q(V5) Æ Q(V5,i), we also know that V5 ¢ Q(i), so a sim- 
ilar argument gives a Q(i)-automorphism 7 of Q(V5, i) such that 
(V5) = —V5. Now r(x) =a—bY¥5 + ci — dV5i. Since o and 7 
both fix every element of Q, they are in G; thus so is their product 
oT, and 


or(a) = a—bV5 — ci + dV5i. 
G always contains the identity id, and id(x) = a. 


Each element of G is determined by its effect on i and on V5. But 
each of these must map to a zero of their own minimum polynomial 
over Q. There are 2 zeros in each case, so there are at most 2 x 2 = 
4 Q-automorphisms of Q(V5, i). We have found 4, so there are no 
more. Thus 


G = {id, 0,7, 07}. 
If o(x) = x then 

ci + dV5i = —ci — dv5i 
so 2(ci + dv5i) = 0, giving c= d = 0. Hence 

{id,o}' = {a+ bV5:a,b € Q} 

= Q(V5). 

Similarly, {id, 7}? = Q(3). 
The other non-trivial proper subgroup of G is {id, ør}. 
If or(x) = x then 

bV5 + ci = —bV5 — ci 
so b=c=0. Hence 

{id, or}! = {a+ dV5i: a,d € Q} 

= Q(v5i). 

1t = Q(V5, 7), because the identity fixes everything. 


If x € Gt then o(x) = x and m(x) = z, so x E€ Q(V5) N Qi) =Q. 
But Q C Gİ, so Gt = Q. 


Question 10 


G) 


Gi) 


(ii 


(iv) 


What’s the problem? o|, —+? 
Certainly ol], : L — M. So we’ve a 
K-monomorphism L — M but L: K 
is normal. 10.4 looks relevant, but 
doesn’t give the whole story. 


Must prove the homomorphism 
property: (o7)|z = o|,7|z. Why (i)? 
To ensure o|r can compose with 7|z. 


Kernel? If ¢(ø) is the identity, then 
o|z is the identity map on L, ie. ol; 
fixes L. 


That means øg is an L-automorphism 
of M. 


Containment both ways. 


Isomorphism Theorem. 


For this we need an intermediate field. 
Q(V2) looks possible. 


Question 11 


(i) 


(ii) 


Must put in all cube roots of 7, and 
explain why this includes putting in 
all cube roots of 1. 


Split the extension into two simple 


pieces Q(a) : Q and Q(a, w) : Q(a). 


Tempting to try t? — 1 as the minpol, 
but it’s divisible by t — 1. 


Since, by definition, o|, : L — M and L: K is normal, we may 
apply Theorem 10.5 with o = r. Thus ol, is a K-automorphism 
of L. 


Let o,r € T(M : K). Since ol; and 7|,, are K-automorphisms of L, 
by part (i), o|p7|r is defined. 
Let x € L; then 

(o|x712)(@) = ol (r(x) 
(o7)(2) 
= (07)|1(2). 


Hence (o7)|, = o|r7|1, ie. (or) = $(c)9(7), and ¢ is a group 
homomorphism. 


ll 


If ol, is the identity, then ø fixes L. Hence 
o EeT(M: L). 


Conversely, if o € T(M : L), then ø fixes L and so o|z is the identity. 
Thus Ker(¢) =T'(M: L). 


Im(¢) is a subgroup of [(L: K) and, by the First Isomorphism 
Theorem, Im($) ¥T(M : K)/T(M : L). Thus T(M : K)/T(M : L) 
is isomorphic to a subgroup of I'(L: K). 


Consider M = Q( 42), L = Q(V2), K=Q. Since M contains 
exactly two zeros of tt — 2, T(M : Q) & Cz. But T(M : L) = Cy 
because o € (M : K) defined by 

o( 72) = (42) 
fixes L. Hence T(M : K)/T(M : L) has order 1. But T(L: K) 
has order 2. (V2 + — V2 is a non-identity automorphism.) Thus 
T(M : K)/T(M : L) is isomorphic to a proper subgroup ofT(L: K). 


Let œ be the real cube root of 7. Then the splitting field for t? — 7 
over Q must contain a. 

The other cube roots of 7 are wa and w*a, where w is a non-real 
cube root of 1. Since the splitting field contains a and wa, it also 
contains wa/a =w. So the splitting field contains Q(a,w). But 
t3 — 7 certainly splits in Q(a,w), so this is the required splitting 
field. 


Since p is irreducible (Eisenstein with q = 7), it is the minimum 
polynomial of a over Q, so [Q(a) : Q] = 3. 
Since Q(a) C R and w ¢ R, w ¢ Q(a). 
Thus the minimum polynomial of w over Q(a) has degree at least 
2. But w is a zero of t? +¢+1, so that is its minimum polynomial 
over Q(a), therefore [Q(a,w) : Q(a)] = 2. Now 

[Qla w) : Q] = [Q(a,w) : Q(a)] x [Q(a) : Q] 

=f; 


(iii) ‘Identify’ means ‘find a familiar group 
which is isomorphic to ...’. Easier to 
start by finding the order. 


There are lots of ways of identifying it 
as Ss rather than Cg. One is to show 
it isn’t abelian, which we can do by 
finding any two elements which don’t 
commute. Try the two most ‘obvious’ 
automorphisms. 


Question 12 


(i) What does same shape mean? 
Similar. Need to turn this geometric 
condition into an algebraic one. 


Length isn’t enough: got to get the 
angles right too. 


(ii) We usually start with a radius of the 
polygon, not a side, so let’s try to 
construct the centre. 


Theorem 17.11 must be relevant! 


Question 13 


The basic strategy available is to show that 
the Galois group of f is S5, which is not 
soluble. Therefore we must locate the zeros 
of f, and apply Theorem 14.7. Locate 
changes of sign in f and look at f’. 


By the Fundamental Theorem of Galois Theory, 
I(Q(a,w) :Q)| =6. 


By the Automorphism Theorem, applied to Q(a,w) : Q(a), there 
is a Q(a)-automorphism ø of Q(a,w) such that o(w) =w. 
Similarly, since the minimum polynomial of a over Q(w) is t — 7, 
there is a Q(w)-automorphism 7 of Q(a,w) such that T(a) = wa. 
Now 1o(@) = (a) = wa and o7(@) = o(wa) = o(w)o(a) = wa. 


T(Q(a,w) : Q) contains both ø and r, so it is not abelian, so it is 
isomorphic to S3. 


We may consider AB to have unit length. Let y be the length of 
BC. Then the large rectangle is 1 x y and the small rectangles 


1 
are y X 3: for these to have the same shape we need — = Y , Le. 


~ 7/2 
ri y 1/ 


Since [Q(1/V2) : Q] = 2, Theorem 17.3 shows that we can con- 
struct a line of length 1/2. 


Since we can construct right-angles, we can construct lines BC and 
AD at right-angles to AB and with length AB/V2: then we can 
join CD, and this completes construction of the required rectangle. 


A 


(0) B 


Let O be the centre of the polygon. Then ZAOB = 27/204 and 
ZOAB = ZOBA = (2r — 21/204) /2. 

204 = 2?-3-17, and 3, 17 are Fermat primes, so, by Theorem 17.11, 
the angle 27/204 is constructible. Hence the angles 2r — 21/204 
and (2m — 2x/204)/2 (by bisection) are constructible. By con- 
structing angles of (27 — 27 /204)/2 at A and at B, we can construct 
the point O. 


Given O and the line segment OA, Theorem 17.11 now tells us that 


we can construct a regular 204-gon with centre O and one radius 
OA: this is the required polygon. 


First, irreducibility. By Eisenstein’s criterion with q = 3, f is irre- 
ducible over Z and hence over Q. We have 

f(-2) <0, f(-1)>0, f(0)<0, f(2)>0. 
Thus, by the Intermediate Value Theorem, f has at least three real 
zeros. 
Now f'(t) = 5t* — 6 which has two real zeros: + 4/6/5. Hence, by 
Rolle’s Theorem, f has at most 3 real zeros. Hence f has exactly 
three real zeros. Since f splits in C, f has 2 non-real zeros. 


By Theorem 14.7, since 5 is prime, the Galois group of f over Q 
is Ss. Since Ss is not soluble, by Theorem 13.5, by Theorem 14.6 
f is not soluble by radicals. 


Question 14 


(i) The given information is unusual in 
that n is prime as well as p. Degree of 
minimum polynomial is the same as 
degree of Z,(a): Zp. Subfields of K 
have the form GF(p") for r dividing n. 
That’s it. 


(ii) For degree 1, must be in bottom field. 


By (i), anything outside bottom field 
gives degree 3. 


Question 15 


Assemble what’s known from the given 
information. L = K(a) for some a, not 
separable over K. We also know that K 
must have characteristic p for some prime p, 
and that a has some exponent e over K. 


If we find that all zeros of the minimum 
polynomial of a over K are the same, then 
T(L: K) must be trivial. 
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Z,(q) is a subfield of K = GF(p"). Hence Z,(a) = GF(p") with r a 
divisor of n, by Theorem 15.4.1. Since n is prime, r = 1 or r = n. 
Since the degree of the minimum polynomial is [Z,(a) : Zp], we 
have Zp(a) = Zp or K. Hence [Z,(a):Z,] =1 or n. The result 
follows. 


1 € Z2, so the minimum polynomial of 1 over Z% is t— 1, of 
degree 1. 


Let B=t+ (t? +t+1) € K. Then Gis not in Z3, so the minimum 
polynomial of 8 over Zz has degree 3. 


First, K is of characteristic p, for some prime p. We have L = K (a) 
for some a € L\K. Since L: K is purely inseparable, a is insepa- 
rable over K. 


By Handbook, Section 16.2, Result 9, there is a non-negative 
integer e such that the minimum polynomial of a over K is 


m(t) = t° — a”? 
=(t- a)” 
since K has characteristic p. Hence m has all its zeros equal to a. 
Thus, since any element o € T'(L : K) maps a to a zero of m, 
o(a) =a. 
But any such ø is entirely determined by its effect on a, so T(L: K) 
is trivial. 
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Attempt as many questions as you wish. Full marks may be obtained forcomplete 
solutions toTEN questions. 


Question 1 
(i) Find a highest common factor d of 1988 and —5041 and find integers u and v 

such that 1988u — 5041v = d. [4] 
(ii) Write down an element of Zi9gg (other than 1 and 1987) which has a multi- 

plicative inverse. [2] 
(iii) Write down an element of Zisaa (other than 0) which has no multiplicative 

inverse. [2] 
. (iv) Decide whether the ring Zı9s8 has ideals other than {0} and Zigga itself, giving 

reasons for your answer. [2] 
Question 2 


Let R be a ring in which every element r satisfies the equation r° = r. 


(i) By expanding (r + r)’, prove that every element r of R satisfies r = —r. [3] 
(ii) By expanding (z + y)?, prove that R is commutative. [3] 
(iii) Prove that if R is an integral domain then R has at most two elements. [4] 


Question 3 


Let K, W and V be the following subsets of complex numbers, where i? = —1. 
KS {a+bv2+ci+div2:a,d,e,de Q, = -1}, 
W= {a+bv2+ci:a,,ceQ,i? = -1}, 
V= {a+5v2:a,5€Q}. 


You may assume that K and V are fields under addition and multiplication of 
complex numbers, that K and V are vector spaces over Q and that i ¢ R. 


(i) Prove that W is a vector subspace of K. [4] 
(ii) Prove that {i v2} is a basis for V over Q. [2] 
(iii) Prove that {1, V2, i} is a basis for W over Q. [2] 
(iv) Prove that W is not a subfield of K. [2] 
Question 4 


Let V be the following subgroup of order 4 in S4: 
V = {1, (12)(34), (13)(24), (14)(23)}. 
(i) Write down three distinct subgroups H,, Hz and H3 of S4 such that 


HSV, HV (i=1,2,3). [3] 
(ii) Find elements g, h € S4 such that 
g Hig =H: 
and 
a7 Hyh = Hs. [4] 


[Note that, by definition, g-' Hig = {9712 :@ € Hy} and similarly for h-t Hh.) 


(iii) Does there exist an element k € S4 such that k-'H,k = V? Justify your 
answer. [3] 
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Question 5 


(i) Let G be a group and let Z be the centre of G. Suppose further that the 
quotient group G/Z is cyclic. Prove that the group G is abelian. 


(ii) Give an example of a non-abelian group G such that the quotient group of G 
by its centre is abelian. 


Question 6 


Let the group G be the direct product H x K. 
Consider each statement below, and state whether it is true or false, giving a brief 


proof or counter-example, as appropriate. 
(i) If H and K are cyclic then G is cyclic. 
(ii) If H and K are abelian then G is abelian. 


(iii) If H and K are simple then G is simple. 


Question 7 

(i) For each of the following field extensions state, with brief reasons, whether or 
not it is algebraic. 
(a) Q(r):Q 
(b) Q(x, V2): Q(x). 

(ii) For each of the following finite field extensions state, with brief reasons, whether 
or not it is normal. 


(a) Q(W5):Q 
(b) Q(w, 75): Q where w? =1,w #1. 
(c) Fa:Zo. 


Question 8 


Let K and L be fields with K C L. Let a be a element of L that is algebraic over 
K with minimum polynomial of degree n over K. 


(i) Prove that K(a?) C K(a). 

(ii) Prove that a? is algebraic over K. 

(iii) Suppose that n is odd. Prove that K(a?) = K(a). 
( 


iv) Give an example with K = Q such that K is a proper subset of K(a”) and 
K(a?) is a proper subset of K (a). 


Question 9 


Let K be the field Q(€), where € = e?**/7. Let G be the Galois group T(K : Q). 
(i) Find G, specifying for each element of G its effect on €. 
(ii) Prove that K has only four subfields. 
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Question 10 


Let K be a field, f be an irreducible polynomial of degree 2 in K{[t], and L be the 
splitting field for f over K. Let a and A be the zeros of f in L, and G be the Galois 


group I'(L: K). 

(i) Suppose that the polynomial f is separable. 
(a) Find the elements of G, specifying the effect of each automorphism on @. 
(b) Write down the order of G. 
(c) Find the fixed field of G 


(ii) repeat part (i) in the case when the polynomial f is inseparable. 


Question 11 


Let K be the subfield of C which is the splitting field of the irreducible polynomial 
f(t) =tt +9 in Q[t], let a = J/3e'"/4 and let G be the Galois group T(K:Q). 


(i) Prove that œ is a solution of the equation f(t) = 0. 

(ii) Show that the other solutions of f(t) = 0 are 4a, $a" and zo’ and hence 
that K = Q(a). 

(iii) Prove that the group G = V. 


Question 12 (Unit 13) 


Determine whether or not the following ruler and compass constructions are possi- 
ble. Give a justification in each case. 


ü) Construction of a rectangle, twice as long as it is wide, equal in area to a given 


circle. 


(ii) Construction of the angle 47/105. 


Question 13 (Unit 14) 


Of the two following polynomials in Q[t], one is soluble by radicals and the other 
is not. Decide which is soluble and which is not, giving a justification in each case. 


(i) t-51? + 3t+2 


(ii) #8 - 14¢+7 


Question 14 (Unit 15) 


Let K be the field GF(3*), let the cyclic group H be its multiplicative group and 
let u be a generator of H. 


(i) Write down the number of elements in each subfield of K. 
(ii) For each of the subfields identified in part (i) describe its multiplicative group 
in terms of u. 


(iii) Describe the elements of the Galois group of GF(3*) over GF(3) in terms of 
their effect on u. 
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Question 15 (Unit 16) 


Consider the following statements about ordered fields. For each one say whether 
the statement is true or false, justifying your answer with a brief proof or counter- 


example. 
(i) If K is an ordered field then every subfield M of K is an ordered field. 
(ii) If K is an ordered field then K is algebraically closed. 


(iii) If K is an ordered field and k € K then k + k + k + k + k is not zero 
unless k = 0. 


(iv) If K isan ordered field, z € K and z > 0, then —z < 0. 


(v) If K is an ordered field then there is no subfield L of K 
such that [K : L] = 2. 


[END OF QUESTION PAPER] 
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Question 1 

Let m and p be the polynomials in Z3[t] defined by 
m(t) = t+ 2t4+1 
p(t) =t+2. 

(i) Prove that m is irreducible over Z3. 


(ii) Find a highest common factor of m and p and express it in the form um + up, 
where u and v are polynomials in Zaft]. 


(iii) Write down the multiplicative inverse of p+ (m) in Z;[t]/(m). 
(iv) Write down the number of elements in the quotient field Z3[t]/(m). 


Question 2 


Let R be a commutative ring with a multiplicative identity (denoted by 1). 
An ideal P in R is said to be a prime ideal of R if and only if the quotient ring 
R/P is an integral domain. 


(i) Prove that if P isa prime ideal of R and z, y € R then 
zy € P if and only if zePoryeP. 


(ii) Show that the principal ideal (p) is a prime ideal if and only if for all a and b 
in R, if p divides ab then either p divides a or p divides b. 


. Question 3 
Let S be a set such that QC SCR. 


(i) Suppose that S is a subring of R. Prove that S is also a Q-vector subspace of 
the Q-vector space R. 


(ii) Give an example to show that S may be a Q-vector subspace of R but not a 
subring of R. 


(iii) Give an example to show that S may be a subring of R but not a subfield of R. 


Question 4 


(i) Prove that all elements of order 5 in the symmetric group Ss are conjugate 
in Ss. 


(ii) Prove that if n is a prime number then all elements of order n in the symmetric 
group Sn are conjugate in Sn. 


(iii) Give an example to show that the conclusion of part (ii) may be false if n is 
not prime. 


Question 5 
Let N be a normal subgroup of a group G, and let Z(G) be the centre of G. 
(i) Prove that if |N| = 2 then N C Z(G). 

Hint: consider the conjugates of the elements of N. 


(ii) Prove that if Z(G/N) = 1 then Z(G)CN. 
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Question 6 
For each of the following four properties, describe (with brief justification) a group G 
of order 120 possessing that property. 


(i) G is abelian but not cyclic. 
(ii) G is metabelian but not abelian. 
(ili) G is soluble but not metabelian. 


(iv) G is not soluble. 


Question 7 
(i) For each of the following field extensions state, with brief reasons, whether or 


not it is algebraic. 
i T 

(a) Q (cos *) :Q 

(b) Q(x) :Q 


(ii) For each of the following finite field extensions state, with brief reasons, whether 


or not it is normal. 

(a) K:Z7, where K = Z;(t]/(t? +t+ 4) 

(b) Q(V3, v7) :Q 

(c) Q(V2,V7,w):Q (wherew €C,w7 = 1,w #1) 


Question 8 

Let K and L be fields with K Z L. Let a € L and suppose that œ is algebraic 
over K. 

i) Prove that K(a*) C K(a). 


3 is algebraic over X. 


iii) Prove that [K(a) : K(a3)] = 1, 2, or 3. 
iv) Give examples with K = Q and a ¢ Q to show that all of the cases in part (iti) 
can occur. 


Q) 

(ii) Prove that a 
( 

( 


Question 9 
Let K be the subfield Q(/3, iv2) of C and let G be the group T(K : Q). 


(i) Find G by specifying for each element of G its effect on V3 and iv/2. 
Is G cyclic? Justify your answer. 


(ii) Find all the subfields of K, specifying each subfield in the form Q(a, b,c, ...), 
for appropriate elements a, b, c,.... 


Question 10 


Let f be an irreducible cubic polynomial in Q[¢], let © be a splitting field for f 
over Q, and let G be the Galois group ['(E: Q). 
(i) Prove that G is isomorphic to a subgroup of S3. 
(ii) Prove that 
either (a) [E : Q] = 3, 
or (b) there is exactly one field M such that Q C M C E and M : Q is normal. 


In case (b), state the degree of M : Q. 
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Question 11 

Let E be the splitting field in C for the polynomial t* — 4 in Q[t]. Let G be the 
Galois group F(Z: Q). 

(i) Finda basis for E as a vector space over Q. 


(ii) Find G, specifying for each element of G its effect on each of the basis elements 
listed in your answer to part (i). 


Question 12 


Determine whether or not the following ruler and compass constructions are possi- 
ble. In each case you should give a justification of your conclusion. 


(i) Construction of a regular 1028-gon. 


(ii) Construction of a regular hexagon with area equal to the area of a given square. 


Question 13 


For each of the following polynomials in Q{t], decide whether or not it is soluble 
by radicals over Q giving, in each case, a justification for your conclusion. 


(i) t? + 2717 -6 


(ii) & -—4t+2 


Question 1+ 


Let p be prime number in Z, let f be an irreducible polynomial of degree 6 in Zp [t] 
and let L be a splitting field for f over Zp- 


(i) Prove that every irreducible polynomial of degree 8 in Z,[t] splits over L. 


(ii) Let g bea polynomial of degree 3 in Zp[t]. Prove that g splits over L, justifying 
your answer. 


(ili) State whether every polynomial of degree 4 in Zp[t] splits over L, justifying 
your answer. 


Question 15 


Let K be the subfield of R generated by Q together with the set X of all real roots 
of 3, i.e. the set X = {V3:ne Rand n> 2}. 


State, with brief reasons, whether or not the field extension K : Q is: 
(i) algebraic; 

(ii) finite; 

(iii) simple; 

(iv) separable. 


[END OF QUESTION PAPER] 
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The Open 

University 
Third Level Course Examination 1990 
Aspects of Abstract Algebra 


Thursday, 25 October, 1990 2.30 — 5.30 pm 


Time allowed: 3 hours 


This examination paper contains fifteen questions. You may attempt as many 
questions as you wish. Full marks may be obtained for complete solutions to 
TEN questions. All questions carry equal marks. Marks for parts of questions are 
indicated thus: [n]. 


Record your answers in the answer book(s) provided, beginning each question on 
a new page. Record the numbers of the questions attempted in the space on the 
cover of the answer book. 


At the end of the examination: 


Check that you have written your name, personal identifier and examination num- 
ber on each answer book used. Failure to do so will mean that your work 
cannot be identified. 


Question 1 
(i) (a) Find integers m and n such that 
$ 18m + 25n=1 
(b) Write down the multiplicative inverse of 18 in Zo5. 
(ii) (a) State whether or not Zos is a field. 


(b) Justify your answer to part (ii)(a) by either giving a short proof or giving 
a field axiom which Zs fails to satisfy, with an explicit counterexample 
illustrating the failure. 


Question 2 


Let R be a commutative ring with a multiplicative identity (denoted by 1). 
Let I and N be ideals of R such that 


NCICR. 
(i) Prove that-I/N is an ideal of the quotient ring R/N. 
(ii) Suppose that R/N is a field. Prove that either J = N or I = R. 


Question 3 
Let K, W and V be the following subsets of the real numbers. 
K ={a+bv3+cV5+dv15:a,,c,d€ Q} 
W = {a+ bV3+cV5:a,b,c€ Q} 
V = {a +bV3:a,b € Q} 
You may assume that K and V are fields under addition and multiplication of real 
numbers, that K, W and V are vector spaces over Q and that neither /3 nor v5 
isin Q. 
(i) Prove that {1, V3} is a basis for V over Q. 
(ii) Prove that {1, V3, V5} is a basis for W over Q. 


(iii) Prove that W is not a subfield of K. 


Question 4 


(i) Write down three distinct subgroups H,, Hz and H3 of the symmetric group Se 
such that 


H;=C3 (i=1,2,3), 
and such that H; is conjugate to Hz in Sg but H; is not conjugate to H3 in S6. 


(ii) Find an element g of S¢ such that h does not commute with every element 


of Hı, but 
g Hig = Hi. 
(iii) Find an element A of Sẹ such that 
h-'Hıh = Hp. 


(iv) Prove that Hı and H3 are not conjugate in Se. 


Question 5 


Let G be a group and let N be a normal subgroup of G such that the quotient 
group G/N is abelian. Let H bea subgroup of G such that N C H. 


Prove that H is a normal subgroup of G and that G/H is an abelian group. 
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Question 6 


(i) For each of the following groups state, with brief reasons, whether or not it is 
simple. 


(a) Cr 
(b) S4 


(ii) For each of the following groups state, with brief reasons, whether or not it is 
soluble. 


(a) C7 
(b) A4 
(c) Ss x C7 


Question 7 


(i) For each of the following field extensions state, with brief reasons, whether or 
not it is algebraic. 


(a) R:Q 
(b) C:R 


(ii) For each of the following field extensions state, with brief reasons, whether or 
not it is normal. 


(a) Q(73):Q 
(b) Q(a):Q, where a5 =1,a #1 


(c) Zg9(u): Z29(u?), where u is transcendental over Zz 


Question 8 
Let K, L be fields with K C L, and let R be a ring such that K C RG L. 


(i) Suppose that [L : K] is finite and that r is an element of R. Prove that r is 
algebraic over K. 


(ii) Prove that if [L : K] is finite then R is a subfield of L. 


(iii) Find an example to show that R need not be a subfield of L when [ZL : K] is 
infinite. 


Question 9 
Let K be the field Q(4) where 4 = e?**/11. Let G be the Galois group I (K : Q). 


(i) Find G, fully justifying you answer and specifying, for each element of G, its 
effect on %. 


(ii) Prove that K has exactly four subfields. 


Question 10 


Let p(t) and q(t) be irreducible quadratic polynomials in Q[ż], and let K be a split- 
ting field for the polynomial p(t)q(t) over Q. Let G be the Galois group [T(K : Q). 


(i) Prove that G is isomorphic either to C3 or to V. 


(ii) Find an example of two such polynomials p(t) and q(t), both monic with 
p(t) # q(t), for which this group G is isomorphic to C2. : 
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Question 11 


Let K be the subfield of C which is the splitting field of the polynomial ¢” + 4 in Q[t] 
which you may assume to be irreducible, and let G be the Galois group ['(K : Q). 


(i) Find a, £ € C such that K = Q(a, 8). 
(ii) Find the degree [K : Q]. 


(iii) Show that the group G has a normal subgroup N such that both N and G/N 
are cyclic; identify the groups N and G/N. 


Question 12 


Determine whether or not the following ruler and compasses constructions are pos- 
sible. Give a justification in each case. 


(i) Construction of an equilateral triangle equal in area to a given square. 


(ii) Construction of a regular 440-gon.. 


Question 13 

Prove that each of the following polynomials in Q[t] is soluble by radicals over Q. 
(i) -2+7 

(ii) +9 

(iii) t8 — 2t3 + 17 


Question 14 


Let K be the field GF(25), let the cyclic group H be its multiplicative group, and 
let z be a generator of H. 


(i) Write down the number of elements in each subfield of K. 


(ii) For each of the subfields identified in part (i), describe its multiplicative group 
in terms of z. 


(iii) Let 0 be the additive identity of K. Find an example of a subgroup T of H 
such that T U {0} is not a subfield of K, and explain why it is not. 


Question 15 
Let K be an ordered field. 
(i) Prove that there is a field L containing K such that [L : K] = 2. 


(ii) Is L necessarily algebraically closed? Justify your answer with a brief proof or 
counterexample, as appropriate. 


[END OF QUESTION PAPER] 
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Record your answers in the answer book(s) provided, beginning each question on 
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Question 1 

Let m and p be the polynomials in Z5[t] defined by 
m(t)=t+t+1 
p(t) =t+3. 

(i) Prove that m is irreducible over Z5. 


(ii) Find a highest common factor of m and p and express it in the form um + up, 
where u and v are polynomials in Z; [t]. 


(iii) Write down the multiplicative inverse of p + (m) in Z5[t]/(m). 


(iv) Write down the number of elements in the quotient field Z;[t]/(m). 


Question 2 

In this question you may assume that 
ZxZ={(m,n):m,n€Z} 

is a ring, with componentwise addition and multiplication. 

Let K be an ideal in Z x Z. Let I and J be defined by 


I= {m € Z: (m,n) € K for some n € Z}, 
J = {n E€ Z: (m,n) € K for some m € Z}. 


(i) Show that I is an ideal in Z. 
For the final part of this question you may assume that J is also an ideal in Z. 
(ii) Show that K =I x J. 


Question 3 


Let K, W and V be the following subsets of complex numbers, where i? = —1. 
K= fa+bVT+ci+div7:a,b,c,d € Q, 7? =-1}, 
W = fa +bV7 +ci:a,b,ceQ,?=-1}, 
V={a+bv7:a,beQ}. 


You may assume that K and V are fields under addition and multiplication of 
complex numbers, that K and V are vector spaces over Q and that i €R. 


(i) Prove that W is a vector subspace of K. 

(ii) Prove that {1, V7} is a basis for V over Q. 
(iii) Prove that {1, 7,7} is a basis for W over Q. 
(iv) Prove that W is not a subfield of K. 


Question 4 


(i) Find two elements of the permutation group Sg which are both of order 6 and 
which are not conjugate in Sg. 


(ii) Let p and q be two distinct primes. Prove that there exist two elements of the 
permutation group S,, which are both of order pq and which are not conjugate 
in Spg- 


(iii) Prove that, if p € N is prime, then all elements of order p in S, are conjugate 
in S,. 
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Question ə 


(i) Suppose that G is a simple group whose centre, Z (G), is not the trivial sub- 
group. Prove that G is cyclic of prime order. 


(ii) Give an example of a group which is not soluble and which has a non-trivial 
centre, justifying your choice. 


Question 6 


Let G be a group of order 168 which has exactly 6 conjugacy classes. Three of these 
conjugacy classes have sizes 24, 24 and 42. 


(i) Find the sizes of the other three conjugacy classes. 


(ii) Show that G is a simple group. 


Question 7 


For each of the following field extensions state, with brief reasons, whether or not it 
is algebraic. For each of the extensions which is algebraic, state, with brief reasons, 
whether or not it is normal. 


(i) Q(4- %):Q 
(ii) Q(n?) : Q(r*) 
(iii) Q(i, V2) : Q, where i? = -1 


Question 8 


Let K and L be fields with K C L. Let a € L and suppose that a is algebraic 
over K. 


(i) Prove that K (a°) C K(a). 
(ii) Prove that a? is algebraic over K. 
(iii) Prove that [K (a) : K(a3)] = 1, 2, or 3. 


(iv) Give examples with K = Q and a ¢ Q to show that all of the cases in part (iii) 
can occur. 


Question 9 


Let K be the field Q( {/4,w), where w is a non-real cube root of 1. You may assume 
that K is a splitting field for t? — 4 over Q. 


(i) Find the Galois group T(K : Q), specifying, for each element of the group, its 
effect on 7/4 and on w. 


(ii) Find all subfields of K which are normal extensions of Q. 


Question 10 


Let m be a polynomial of degree 3 in Q[ż], let K be the splitting field for m over 
Q and let G be the Galois group of K : Q. 


(i) What are the possible orders of G? For each possible order, identify the 
possible groups G. 


(ii) For each of the following polynomials m, identify the corresponding Galois 
group, G 


(a) m(t) = (t - 1}, 
D) mt) = =1, 
©) mQ) =P =2. 
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Question 11 


Let K be the subfield of C which is the splitting field of the irreducible polyno- 
mial ¢° — 3 in Qf] , and let G be the Galois group T(K : Q). 


(i) Find a, 8 € C such that K = Q(a, 8). 
(ii) Find the degree [K : Q]. 


(iii) Show that the group G has a normal subgroup N such that both N and G/N 
are cyclic; identify the groups N and G/N. 


Question 12 (Unit 13) 


Determine whether or not the following ruler and compass constructions are possi- 
ble, giving a justification in each case. 


(i) Construction of a regular 1995-gon. 
(ii) Construction of an angle of 47/105. 


(iii) Construction of a rectangle, three times as long as it is wide, equal in area to 
a given circle. 


Question 13 (Unit 14) 
Show that the polynomial 
t — 6t? +2 


in Q[t] is not soluble by radicals over Q, giving clear references to any theorems 
used. 


Question 14 (Unit 15) 


Let p be a prime, let f be an irreducible polynomial of degree 15 in Z3[t] and let L 
be a splitting field for f over Z3. 


(i) Prove that every irreducible polynomial of degree 15 in Z3[t] splits over L. 


(ii) Let g be an irreducible polynomial of degree 5 in Z,[t]. Prove that g splits 
over L, justifying your answer. 


(iii) Find a polynomial of degree 2 in Z,[t] which does not split over L, justifying 
your answer. 


Question 15 (Unit 16) 


Consider the following statements about ordered fields. For each one say whether 
the statement is true or false, Justifying your answer with a brief proof or counter- 
example. 


(i) IfK is an ordered field then every subfield M of K is an ordered field. 

(ii) If K is an ordered field, r € K and z > 0, then —r < 0. 

(iii) If K is an ordered field and k € K then k + k +k is not zero unless k = 0. 
(iv) Every ordered field has characteristic zero. 


(v) Every ordered field has a proper algebraic extension. 


[END OF QUESTION PAPER] 
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Question 1 


(i) (a) Find integers m and n such that 


25m + 36n = 1. [5] 
(b) Write down the multiplicative inverse of 25 in the ring Z3¢. uj 
(ii) State whether or not Z3¢ is a field and justify your answer. [4] 


Question 2 


For each of the interpretations of (*) given below, state whether the following is 
true: 

if a ring R satisfies (+) and J is an ideal of R, then the quotient ring R/I 

also satisfies (*). 


Give either a brief proof or a counterexample in each case. 


i) (*) means is commutative. [2] 
(ii) (*) means has a multiplicative identity. [2] 
(ii) (*) means is an integral domain. [3] 
iv) (*) means is a field. [3] 
Question 3 
Let L be the field Q( 4⁄5, i). 
You may assume that L is a vector space over Q. 
i) Find a basis for L over Q, justifying your answer. [5] 
(ii) Let K = {a +b 45 + cV5:a,b,c € Q}. 
(a) Is X a vector subspace of L over Q? Justify your answer. [2] 
(b) Is K a subring of L? Justify your answer. [3] 
Question 4 
(i) Let @ be the permutation (123)(4 5)(6) in the group Sg. 
(a) Write down the order of the element 6 in Ss. [1] 
(b) Write down the sign of the permutation 6. [1] 
(ii) Prove that every odd permutation in S,, has even order in Sp. [6] 
Gii) Give an example of each of the following: 
(a) an even permutation in Sg that has even order in Sg; {1] 
(b) an even permutation in Ss that has odd order in Sg. (1] 
Question 5 
A maximal normal subgroup N of a group G is a proper normal subgroup of G 
with the property that for any normal subgroup N’ of G such that N CN CG, 
then it follows that N’ = N or N' =G. 
Prove that a normal subgroup N of a group G is a maximal normal subgroup of 
G if and only if the quotient group G/N is a simple group with more than one 
element. {10] 
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Question 6 


(i) For each of the following groups state, with brief reasons, whether or not it is 
soluble. 


(a) Ce 
(b) Ag 
(c) Ce x Se 


(ii) For each of the following two properties describe, with a brief justification, a 
group G of order 50 possessing that property. 


(a) G is abelian but not cyclic. 


(b) G is metabelian but not abelian. 


Question 7 


For each of the following field extensions state, with brief reasons, whether or not 
it is algebraic. 


For each of the extensions which is algebraic state, with brief reasons, whether or 
not it is a normal field extension. 


(i) Q(¥7+2):Q 
(ii) Q(m?):Q 
(iii) Fy: Zo. 


Question 8 


Let K and L be fields with X C L. Let a be an element of L that is algebraic 
over K with minimum polynomial of degree n over K. 


(i) Prove that K (a?) C K(a). 
(ii) Prove that a? is algebraic over K. 
(iii) Suppose that n is odd. Prove that K(a?) = K (a). 


(iv) Give an example with K = Q such that K, K (a) and K (a?) are distinct fields. 


Question 9 
Let K be the field Q(é), where € = e?**/, and let G be the Galois group T(K : Q). 
(i) Find G, specifying for each element of G its effect on €. 


(ii) How many subfields has K? Justify your answer. 


Question 10 


Let p(t) and q(t) be two distinct irreducible quadratic polynomials in Q[t], and let 
K be the splitting field of the polynomial p(t)q(t) over Q. Let G be the Galois 
group T(K : Q). 


(i) What are the possible orders of G? 
(ii) For each possible order of G, identify G, justifying your answer. 


(iii) For each of the possible groups G, give an example of distinct polynomials p(t) 
and q(t) producing the group, justifying your answer. 
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Question 11 


Let K be the subfield of C which is the splitting field of the polynomial t* — 25 
over Q, and let G be the Galois group T(K : Q). 


(i) Find a and £ €C such that K = Q(a, 8). 
(ii) Prove that G is isomorphic to V. 


Question 12 (Unit 13) 


Determine whether or not the following ruler and compass constructions are possi- 
ble, giving a justification in each case. 


(i) Construction of a regular 680-gon. 


3 
(ii) Construction of an acute angle a such that tana = EA 
Əd 

Sai i 4 
(iii) Construction of an acute angle @ such that tan 8 = Ee 


Question 13 (Unit 14) 


For each of the following polynomials in Q[t], determine whether or not it is soluble 
by radicals, giving a justification in each case. 


(i) @&—14t+7 
(ii) t +6t+7 


Question 14 (Unit 15) 


Let p be a prime, let f be an irreducible polynomial of degree 10 in Z,[t] and let L 
be a splitting field for f over Z,. 


(i) Prove that every irreducible polynomial of degree 10 in Z,[t] splits over L. 
(ii) Prove that every irreducible polynomial of degree 5 in Z,[¢] splits over L. 


iii) State whether every polynomial of degree 4 in Z,[t] splits over L, justifying 
8 Plo} 
your answer. 


Question 15 (Unit 16) 


(i) For each of the following field extensions L: K state, with brief reasons, 
whether or not L: K is a simple extension. If L:K is a simple extension 
write down an element a of L such that L = K(a). 


(a) Qi, V5): Q 


(b) Z5(u,v) :Z5(u®,v®), where the extensions Z5(u) : Z5 and Z5(u,v) : Z5(u) 
are both simple transcendental extensions. 


(ii) Let K be an ordered field. 
(a) Prove that there is a field L containing K such that [L : K] = 2. 


(b) Is the field LZ in part (ii)(a) necessarily algebraically closed? Justify your 
answer with either a brief proof or a counter-example as appropriate. 


[END OF QUESTION PAPER] 
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